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1 Logs and stuff
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3 Distributions

3.1 Binomial distribution

Number of successes in a sequence of n independent yes/no experiments, each of which yields success with
probability p.

il = = ()t
E[X] =np
Var[X] = np(1 - p)

3.2 Geometric distribution

Probability distribution of the number X of Bernoulli trials needed to get one success.
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4 Usual limits



5 Approximations and bounds
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6 Numerical values

n 1 2 3 1 5 6 7 8 9
n! 1 2 6 24 120 720 5040 | 40320 | 362880
"3 1 8 27 64 125 216 343 512 729
n? 1 16 81 256 625 1296 2401 4096 6561
" 2 4 8 16 32 64 128 256 512
e® | 2.718 | 7.389 | 20.086 | 54.698 | 148.413 | 403.428 | 1096.63 | 2980.96 | 8103.08
Inx 0 | 0693 | 1.098 | 1.386 | 1.609 | 1.791 | 1.946 | 2.079 | 2.197

log,z | 0 1 1.584 2 2.321 | 2.585 | 2.807 3 2.170
NG 1 | 1.414 | 1.732 2 2236 | 2449 | 2.646 | 2.828 3

7 Series
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8 Randomized algorithms tools!

8.1 Markov

Let X be a non-negative random variable. For all ¢t > 0, we have

Pr[X >t] < g

8.2 Chebyshev

Let X be a random variable. For all ¢ > 0, we have

Pr|X ~ BIX] > f < oY

8.3 First and second moment method
Let (X, )nen be a sequence of random variables which take non-negative integer values. Then
E[X,] = o(1) implies Pr[X,, =0]=1—o(1)
Let (X, )nen be a sequence of random variables. Then

E[X,] # 0 (for n large enough) and Var[X,] = o(E[X,]?) implies Pr[X,, = 0] = o(1)

8.4 ”Weak” Chernoff

Let X, ..., X,, be independent (or, weaker, negatively associated) Bernouilli-distributed variables with Pr[X; =
1] = p; and Pr[X; = 0] = 1 — p;. Then the following inequalities hold for X = > | X; and p = E[X] =
Z:‘L:l pi:

PriX > (1+)u] < e /3 for all 0 < 5 < 1

PriX <(1-96)u < e M2 forall 0 < 6 < 1
Pr[| X — u| > 0] < 2e /3 for all 0 < 6 < 1
Pr[X > ] < 27" for t > 2ep

IFormulation of theorems from Pr A. Steger awesome Randomized Algorithm Lecture notes, version of September 21st 2011.
Typos are my own ;)



8.5 Azuma
Let (€2, Pr) be the product of N discrete probability spaces (21,Pry),..., (Q2,Pry), and let X : Q@ — R be a

random variable with the property that the effect of the i-th coordinate is at most ¢;. Then for all t > 0 we

+2

have
Pr[X > E[X] 4] <e 2%

+2

Pr[X <E[X] -] <e 25%. 7

8.6 Janson
Let (€2, Pr) be the product of N discrete probability spaces (£1,Pr1),...,(Q,Pry) and let Xi,..., X, be
, I, sets of coordinates such that for all 1 < ¢ < m we have: X; depends only

indicator variables and I, ...
on coordinates in I;. Furthermore, let X := 2111 X;. Then we have, with

A :=E[X] = iPr[Xz =1]
A= > PrX;=1AX;=1]

i#j, 11N #0

for all 0 < t < E[X] that
Pr[X < E[X] - {] < e708

In particular:
2
PI‘[X — 0] <e~ 2>\)\+5) <e” min{\,\%/A}/4



007 | 08¢ | 09¢ [ ove | oze | 0og [ 08z | 09z | ovz | ozz [ 00z | ost [ 091 [ ovt | oz [oo1 |08 |09 [ov [ 0z | 0z
0se | 19¢ | ere | cze | vog | g8z [ 99z | Lve | 8ez [ 60z | 061 | 141 | 2sT | eet | vir | g6 | 9L | Ls | se |61 | 61
09¢ | eve | voe [ 90g | 88z | 0.2 | 2sz | ez | 912 | 861 [ 081 | 2ot | v¥1 | 921 | 801 [ 06 | gL | ¥g [ 9g | st | st
ore | eze | 90¢ | 68z | zlz | gz | sz | 1ee [ voz | 281 | oLt | €st | 9¢T | 611 | 2ot | o8 |89 | 1g [ e | L1 | L1
oce | vog | 88z | 2Lz | 99z | ove | vez | soz [ 261 | 921 [ 091 | wvr | ser [err | 96 [ o8 | ¥9 | sy [ze |91 | o1
00¢ | 98z | 0Lz | gz | ove | gz [ otz [ g61 [ 081 [ go1 | ost | get | ozt [ gor | o6 | g2 |09 | av |og | gt | a1
08z | 99z | zsz | sez | vee [ ote [ 961 [ 281 [ 891 [ war | ovt |9zt | et | 86 | 78 | oL | 9g | @y [ sg | L | w1
09z | Lve | vee | 12z | 8oz | 961 | @8t | 691 [ 9ot | evT [ogr | L1t [v0o1 | 16 | 8L [ 99 | s |68 |9z et | et
0v¢ | ez | 912 | 70z | @61 [ 081 [ 891 [ 9¢1 [ #¥1 [ 2er [ ozt [ 80t | 96 | ¥8 | @r | 09 | sv | o9e | ve | a1 | a1
0z | 60% | 861 | 281 | 921 | g1 [ wer | ept [ et | ter ot | 66 | 88 | 22 | 99 [ cs | 3w [ee e[t | 11
00z | 06T | 08T [ 041 [ 09T [0t [ 0¥t [og1 [0zt [otr [ oot | 06 | 08 | oL | 09 | os [or | og | oz | or | ot
081 | 141 | @91 [ ot | wpr | et [ ozt | 2t1 [ Q01| 66 | 06 | 18 | L | €9 | vo | av |9e |2z |81 6 [ 6
09T | zet | #%1 | 961 [ e1 [ ozt [ et [vo1 | 96 | 88 | 08 | 2L | %9 | 9 | sy | ov |ze vz |9t | 8 | 8
ovt | get | 9z1 [ 611 |arr [ cor | 86 | 16 | ¥8 | 22 [ oL | €9 | 95 [ 6v | @ | ge |[se |t |[wv1 ] L | L
0cT | 711 | 80T [ 2ot | 96 | 06 | #8 [ 8L [ 2. [ 99 | 09 | vs | sv | @ | 9¢ | o [yz|st|ar| 9 | 9
00T | g6 | 06 | g8 | 08 | g, [ oL | 99 [ 09 | a5 [ oc | gv | ov [ ce | oe | gz |og|gar|or] g ¢
08 | 92 [ e, [ 89 [ 79 [ 09 [ 9¢ [ ec [ sv [ ww | ov | 9¢ | 2e | sc | vgc | oz |ot|ar| s | v [ ¥
09 | 26 | ve [ 16 | sv | ov | av | 68 [ 9 | ¢¢ [oe | 2 | ve |12 | st gt a6 |9]¢e]¢
ov | se [ 9¢ [ ve [ ze [oe [ 8e [ 9z [ we | 2z | oz | st ot [ 31 et [or [8s |9 |¥v |a]|c
oz |6t | st 2t lor et [wlerferlmmfor]l 6 | s 2 ]lolclvleleln]r
oz et [ st [zt forfer st lerfer]n]or]l e[ s 2ol lrvlela]t]




